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Abstract
We study the connection between N = 2 supersymmetry and a topological
bound in a two-Higgs-doublet system with an SU(2)U(1)Y U(1)Y 0 gauge
group. We derive the Bogomol’nyi equations from supersymmetry consider-
ations showing that they hold provided certain conditions on the coupling
constants, which are a consequence of the huge symmetry of the theory, are
satised. Their solutions, which can be interpreted as electroweak cosmic
strings breaking one half of the supersymmetries of the theory, are studied.
Certain interesting limiting cases of our model which have recently been con-
sidered in the literature are nally analyzed.
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Supersymmetric Grand Unied Theories (SUSY GUTs) have attracted much attention in
connection with the hierarchy problem in possible unied theories of strong and electroweak
interactions [1,2]. In view of the requirement of electroweak symmetry breaking, these
models necessitate an enrichment of the Higgs sector [3], thereby raising many interesting
questions both from the classical and the quantum point of view. In particular, many authors
have explored the existence of stable electroweak vortex solutions in a variety of multi-Higgs
systems [4{6] that mimic the bosonic sector of SUSY GUTs, in correspondence with what
happens in the abelian Higgs model [7]. It has also been argued that GUT cosmic strings
may exhibit superconducting properties [8], and this fact has recently stimulated the study
of several multi-Higgs models describing many interesting phenomena [9,10].
Vortices emerging as nite energy solutions of gauge theories can be usually shown to sat-
isfy a topological bound for the energy, the so-called Bogomol’nyi bound [11,12]. Originally,
these bounds were obtained by writing the energy of the conguration (per unit length)
as a sum of squares plus a topological term. There exists another approach to study the
Bogomol’nyi relationships (i.e. Bogomol’nyi bound and equations) which exploits the huge
symmetry of the theory: it is based on the observation that Bogomol’nyi bounds reflect the
presence of an extended supersymmetric structure [13{16]. In particular, for gauge theories
with spontaneous symmetry breaking and a topological charge, admitting of an N = 1 su-
persymmetric version, it was shown that the N=2 supersymmetric extension, which requires
certain conditions on coupling constants, has a central charge coinciding with the topological
charge [15,16]. Having originated from the supercharge algebra, the bound is expected to
be quantum mechanically exact.
Since multi-Higgs models can be understood to be motivated by SUSY GUTs, Super-
symmetry provides a natural framework for studying Bogomol’nyi bounds. In fact, we have
recently considered in Ref. [17] the supersymmetric extension of the two-Higgs model rst
presented in [6], showing that Bogomol’nyi equations are a direct consequence of the under-
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lying N = 2 supersymmetry of the model. We shall study in this letter a supersymmetric
formulation of an SU(2)  U(1)Y  U(1)Y 0 model with two-Higgs doublets which is a gen-
eralization of the one analyzed in [17]. The theory has the same gauge group structure as
that of supersymmetric extensions of the Weinberg-Salam Model that arise as low energy
limits of E6 based Grand Unied theories or E8  E8 superstring theories compactied on
a Calabi-Yau manifold with an SU(3) holonomy. This gauge group was recently considered
in Ref. [5] for the study of electroweak strings and, generically, the inclusion of an extra
U(1) factor in multi-Higgs systems has been also taken into account in a variety of mod-
els exhibiting cosmic strings [8,9]. In spite of being a simplied model (in the sense that
its Higgs structure is not so rich as that of Grand Unied theories), it can be seen as the
simplest extension of the Standard Model necessary for having the Bogomol’nyi equations.
We show that the Bogomol’nyi bound of the model, as well as the Bogomol’nyi equations,
are direct consequences of the requirement of N = 2 supersymmetry imposed on the theory.
vWe also show explicitely that, as a necessary condition for achieving the N = 2 model,
certain relations between coupling constants must be satised. These \critical values" of
the coupling constants have physical relevance; e.g. the required relation between coupling
constants in the Abelian Higgs model corresponds to the limit between type-I and type-II
superconductivity in the relativistic Ginsburg-Landau model [16]. We discuss the solutions
of the Bogomol’nyi equations, and present some interesting limiting cases.
The paper is organized as follows: in Section II, we present the SU(2)U(1)Y U(1)Y 0
two-Higgs model in 2 + 1 dimensions admitting of non-trivial topological congurations and
we embed it in an N = 1 supersymmetric theory. We show that the N = 2 supersymmetric
extension can be obtained provided some relations between coupling constants, analogous
to the critical relation appearing in the Abelian Higgs model [16], hold. In section III, we
construct the N = 2 supercharges of the theory, and compute the corresponding supersym-
metry algebra. After static congurations are considered, and restricting our calculations to
the bosonic sector, we nd that the Bogomol’nyi relationships appear as a direct algebraic
consequence. This fact claries in our theory the model-independent analysis established in
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Ref. [15]. We further comment on some interesting features of the classical eld solutions
saturating the Bogomol’nyi bound. These could be interpreted as electroweak cosmic strings
breaking half of the supersymetries of the theory.
Our approach being general and systematic, we nally consider in Section IV some lim-
iting cases describing various models which have been recently considered in the literature.
II. THE SU(2) U(1)Y  U(1)Y 0 N = 2 SUPERSYMMETRIC MODEL






































2 − V ((1);(2); A;B; ~W )

; (1)
where (1) and (2) are a couple of Higgs doublets under the SU(2) part of the gauge group,
A and B are real scalar elds and ~W = W a a is a real scalar in the adjoint representation
of SU(2). The metric is choosen to be g = (+−−) and the specic form of the potential
will be determined below. The strength elds can be written in terms of gauge elds as:
F = @A − @A ; G = @B − @B (2)
and

























where g is the SU(2) coupling constant while (q) and (q) represents the dierent couplings
of (q) with A and B.





















































This action is built from a couple of complex doublet superelds (q)  ((q);Ψ(q); F(q)),
three real scalar superelds A  (A; A; a), B  (B;B; b) and W  (W a; a~W ; w
a) a
and three spinor gauge superelds which in the Wess-Zumino gauge read ΓA  (A; A),
ΓB  (B; B) and Γ ~W  Γ
a
~W
 a = (W a ; 
a) a. ΩA, ΩB and Ωa~W , are the corresponding
supereld strengths. Concerning (q)1 , 
(q)
2 , 3, 1 and 2, they are real constants whose
signicance will be clear below. It must be stressed that fermions A, B , A and B are
Majorana, a~W
a and a a are Majorana spinors in the adjoint representation of SU(2),
while the Higgsino doublets Ψ(q) are Dirac. A and B are real scalar elds and W
a a is an
hermitian eld in the adjoint representation of SU(2). F(q), a, b and w
a are auxiliary elds
which will be eliminated in what follows using their equations of motion. Finally, D is the
usual supercovariant derivative:
D = @ + iγ
@; (7)
with the γ-matrices being represented by γ0 =  3, γ1 = i 1 and γ2 = −i 2.
Written in components, action (5) takes the form:


































































The potential in (8) reads:
































The preceding action (8) is invariant under the following set of N = 1 supersymmetry
transformations with parameter :
W a = −iγ
a; a = −i?W 
a
γ; W
a = a~W ; A = A; B = B;
A = −iγA; A = −i
?F γ; B = −iγB ; B = −i
?Gγ;































































Now, in order to impose the N = 2 supersymmetric invariance of the theory, we can
consider transformations with a complex parameter c (an innitesimal Dirac spinor), since
this implies the existence of two supersymmetries [14]. A, B, A and B being real spinors,
we combine them into Dirac fermions A and B given by:
A  A − iA B  B − iB: (13)
We also construct a Dirac fermion a in the adjoint representation of SU(2) from a and
a~W
a  a~W − i
a: (14)
Using the fermion eld redenitions (13)-(14), the fermionic contribution to the action in


















































































Here ~a, ~A and ~B are the charge conjugates (the complex conjugates) of a, A and B
respectively.
We shall be mainly interested in purely bosonic backgrounds where all fermion elds
vanish. Given a functional F depending both on bosonic and fermionic elds, it will then
be convenient to dene Fj for
Fj  FjΨ(q) ;A;B ;a=0: (16)
Under condition (16) the only non-vanishing supersymmetric transformations (11) are those



















(q)(q) − 1 + i 6@A
35 ; (18)






















Now, the transformations (17)-(20) with complex parameter c = e−i are equivalent
to transformations with real parameter  followed by a phase transformation for fermions:
fa;A;B;Ψ(q)g −! e
ifa;A;B;Ψ(q)g:
Then, N = 2 supersymmetry requires invariance under this fermion rotation. One can easily















That is, the model is invariant under an extended supersymmetry provided relations (21)
are imposed. This kind of conditions appears in general when, starting from an N = 1
supersymmetric gauge model, one attemps to impose a second supersymmetry: conditions
on coupling constants have to be imposed so as to accommodate dierent N = 1 multiplets
into an N = 2 multiplet. We note that the same conditions take place in the model studied
in Refs. [6,17]. Moreover, once (21) are imposed, the Higgs potential of our model happens
to be a simple generalization of that obtained in [6] by a dierent approach. In our case,
however, it has been dictated just by supersymmetry considerations. As can be seen in Ref.
[16], this discussion is analogous to that in the Abelian Higgs model.
Summarizing, we have arrived to the following N = 2 supersymmetric action associated




















 + jD(1) (1)j




2 + (D ~W )















Ψ(q)((q)A+ (q)B + gW
a a)Ψ(q) − g(Ψ(q)
a a(q) + h:c:)
− (q)(Ψ(q)A(q) + h:c:)− (q)(Ψ(q)B(q) + h:c:)
ii
: (22)
In the next section, the reasons why the conditions (21), that ensure N = 2 supersymme-
try, are also needed for the Bogomol’nyi bound will be clear in the light of the supercharge
algebra.
III. SUPERCHARGE ALGEBRA AND BOGOMOL’NYI EQUATIONS
We shall now analyze the N = 2 algebra of supercharges for our model. To construct
these charges we follow the Noether method. The conserved current associated with N = 2













where fg and fΨg represent the whole set of bosonic and fermionic elds respectively.




























y(q)(q) − 2 + i 6@B
35+ ya




















Since we are interested in connecting the N = 2 supercharge algebra with the Bogo-
mol’nyi relationships, we assume static congurations with A0 = B0 = W a0 = 0, and we
restrict ourselves to a purely bosonic solution of the theory after computing the algebra. We
obtain, after some calculations
f Q[c];Q[c]gj = 2cγ0cP
0 + ccZ (27)
where






















2 + (Di ~W )









































In eqs.(28)-(29) conditions (21) have been already imposed.
Finite energy congurations, require the following asymptotic conditions on the elds
Wij
a; Fij; Gij ; @iA; @iB;DiW
a;D(q)i (q) −! 0 (30)
whereas the Higgs doublets as well as the scalar elds must minimize the potential at innity
V ((1)1;(2)1; A1; B1;W
a
1) = 0: (31)












and, at the same time, the scalar elds must solve






(q)1 = 0: (33)




(gW 3’ + (1)A’ + (1)B’) and n(2) =
1
2
(gW 3’ − (2)A’ − (2)B’); (34)
such that
m  n(1) + n(2) = −
1
2
((1) + (2))A’ −
1
2
((1) + (2))B’ (35)
is an integer which is inmediately identied as the topological charge of the conguration.







where V i is given by
V i =






so that, after using Stokes’ theorem (and taking into account the asymptotic behaviours




i = −220m (38)
that is, the central charge of the N = 2 algebra equals (modulo some normalization factors)
the topological charge of the conguration. This is one of the main points of our work:
once the relation between the central charge and the topological charge is established, a
Bogomol’nyi bound can be easily obtained from the supersymmetry algebra [13{16].
This sort of identity between the N = 2 central charge and topological charge was rst
obtained by Witten and Olive [13] in the SO(3) Georgi-Glashow model. It was also discussed
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for the self-dual Chern-Simons system by Lee, Lee and Weinberg [14]. Hlousek and Spector
[15] have thoroughly analyzed this connection by studying several models where the existence
of an N = 1 supersymmetry and a topological current implies an N = 2 supersymmetry with
its central charge coinciding with the topological charge. More recently, this connection was
established for the Abelian Higgs model [16] where a condition on the coupling constants has
also been shown to be necessarily imposed. This condition is unavoidable both for having
N = 2 supersymmmetry and the Bogomol’nyi equations. Also, in the study of self-dual
Chern-Simons systems, having a topological charge (related to the magnetic flux) and an
N = 1 extension, a condition on the symmetry breaking coupling constant must be imposed
both to achieve N = 2 extended supersymmetry and to obtain the Bogomolnyi equations
[14].
Coming back to our model, it is now easy to nd the Bogomol’nyi bound from the
corresponding supersymmetry algebra. Indeed, since the brackets given by (27) can be
















it is immediate that
f Q[c];Q[c]gj  0: (40)
This lower bound is saturated if and only if
c
a = cA = cB = cΨ(q) = 0 (41)





It is now easy to see that to obtain non-trivial solutions to eqs.(41) we are forced to choose
a parameter with denite chirality. Moreover, one can see that the conditions
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+
a = +A = +B = +Ψ(q) = 0 (43)
imply −
a 6= 0, −A 6= 0, −B 6= 0, −Ψ(q) 6= 0 for nontrivial solutions. Hence if one
is to look for Bogomol’nyi equations corresponding to non-trivial congurations, it makes





Let us note, at this point, that for a parameter of this form, the supercharge algebra can be
seen to be
f Q[+];Q[+]gj = 
y
++(2P
0 + Z) (45)
with Z the central charge whose explicit value is given in eq.(38). Then, the inequality (40)
is nothing but the Bogomol’nyi bound of our model
M  20m: (46)
Consequently, eqs.(41) are the Bogomol’nyi equations of the theory (once we identify the






a(q) = 0 ; (DiW − iijDjW )
















y(q)(q) − 2 = 0 ; (@i − iij@j)B = 0; (49)
(D(q)i − iijD
(q)
j )(q) = 0 ;

(q)A+ (q)B + gW
a a

(q) = 0: (50)
Owing to (46), their solutions also solve the static Euler-Lagrange equations of motion.
Let us remark on the fact that eld congurations solving the Bogomol’nyi equations
break half of the supersymmetries, a feature common to all models presenting Bogomol’nyi
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bounds with supersymmetric extension (See for example [17] and References therein). In-
deed, as was seen above, supersymmetry transformations generated by the antichiral param-
eter − are broken. If we attempt to keep all the supersymmetries of our model, we will nd
that the resulting eld conguration has zero energy (the trivial vacuum) as easily seen from
eqs.(41). Had we been faced with an antichiral parameter in (44), we would have obtained
antisoliton solutions with a breaking of the supersymmetry transformation generated by +.
Analogous results also hold in 4 dimensional models as the one originally studied by Witten
and Olive [13].
A careful analysis of the whole set of Bogomol’nyi equations, shows that it is possible to
decouple an equation involving only the Higgs doublet in the same vein as it was previously
done in the abelian Higgs model [12].
IV. LIMITING CASES
As a by-product of our systematic approach, we can easily obtain Bogomol’nyi bounds
(coming from an underlying N = 2 supersymmetric structure) for a variety of models which
have recently acquired physical interest.
A. The SU(2) U(1)Y  U(1)Y 0 pure-Higgs model

















































It is immediately seen that the results given in Ref. [6] can be obtained just by considering
bosonic congurations satisfying the constraint:
A = B = W a = 0: (52)
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in our equations1. These conditions are consistent with the asymptotic behaviours (30)-(31)
and with the Bogomol’nyi equations (47)-(50) of our model. It is interesting to note that
conditions (21), imposed by the requirement of extended supersymmetry, also x in this case
the coupling constants exactly as they appear in the above mentioned Reference. Thus, we
have shown that the potential and the coupling constants of the SU(2)U(1)Y U(1)Y 0 pure
Higgs model studied in [6], are simply dictated by N = 2 supersymmetry. A simple ansatz
for string-like solutions of arbitrary topological charge in this system has been explored in
[6]. It is shown there that, interestingly enough, these congurations do not correspond to
an embedding of the Nielsen-Olesen vortex solution.
B. The U(1) U(1) model
It is well-known that superconducting cosmic strings could have appeared as topological
defects in the early Universe, owing to the presence of a charged eld condensate in the core
of the string [18]. Considering that supersymmetry could also have been realized in the early
Universe, the study of supersymmetric models possibly involving superconducting cosmic
strings seems to be relevant. As the superconducting string models are commonly based on

















(D(B))− V (; ) (53)
- which can be obtained as a limiting case of our SU(2)U(1)Y U(1)Y 0 system -, where 
and  are abelian (complex) Higgs elds, while D(A) and D
(B)
 are the covariant derivatives
with respect to A and B respectively. To this end, we will restrict ourselves to those
solutions of our model satisfying condition (52), which are decoupled from the non-abelian
gauge eld W a . That is, we are interested in topological classical eld congurations in the
1Note that our algebraic approach is not modied by any constraint imposed on purely bosonic
congurations, as all the fermion elds are put to zero after computing the algebra.
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region of the parameter space where g ! 0. We then ask for solutions where the disconnected
non-Abelian eld strength is constrained to vanish,
W a = 0: (54)
Now, we rename the abelian coupling constants (1) and (2),
(1) = (2)  e; (55)
and consider the case where the remaining (2) and (1) vanish. Finally, we make the








After all these steps, our eective Lagrangian looks exactly as (53), and the explicit form
of the Higgs potential reads:









Unfortunately, the region of the parameter space spanned by our Higgs coupling constants,
lies outside the range where several interesting phenomena take place (See, for example, Refs.
[9,10]). To study these, we would need to modify our starting-point potential. Nevertheless,
let us mention an interesting result that can be extracted in the model described above. If
we consider the possibility that both U(1) symmetries be broken roughly at the same scale,
nite energy leads to the following asymptotic behaviour for the Higgs elds:
! v1e
inY  and  ! v2e
inY 0; (58)
where nY and nY 0 are integers that characterize the topological sector to which the solution
belongs. Then, in view of eqs.(36) and (37), it is immediately clear that the central charge



















Remarkably, the bound is not directly proportional to the topological chargem = nY +nY 0 . It
would be interesting to investigate how this behaviour matches onto the model-independent
approach carried out in Ref. [15].
C. The SU(2)global  U(1)local semi-local model
Finally, it is also interesting to explore how N = 2 supersymmetry guarantees the ex-
istence of a Bogomol’nyi bound for the neutral semi-local string defects with SU(2)global 
U(1)local symmetry discussed in Ref. [19], even though the vacuum manifold is simply con-









y[(@ − ieA)]− (y− v2)2; (61)
where  is a Higgs doublet charged only under the abelian subgroup U(1)local. The potential
is minimum when y = v2. Since  is a complex doublet, the minimum of the potential is
a three-sphere and is simply connected. This is in contrast with the situation in the abelian
Higgs model where the potential minimum is a circle and a vortex solution correpond to a
conguration which winds around the circle. However, it was explicitely shown in Ref. [19]
that this model admits of stable string solutions by a simple generalization of Bogomol’nyi’s
proof. We can reproduce their proof as a particular case of our model. In fact, it is easy
to see that imposing conditions (52) and (54), and working in the parameter space region
where g; (q) ! 0, we just have to restrict ourselves to those congurations satisfying the
following constraint:
(2) = G = 0: (62)
Then, the Bogomol’nyi bound obtained in [19] can be easily reproduced following the same
steps as above.
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Let us end our paper remarking that we have considered an SU(2)U(1)Y U(1)Y 0 gauge
model with a symmetry breaking potential, which can be seen to be a simple extension of the
Electroweak Standard model. The requirement of N = 2 supersymmetry forces a relation
between coupling constants and at the same time, through its supercharge algebra, imposes
the Bogomol’nyi equations on certain classical eld congurations. The connection of our
model with realistic supersymmetric extensions of the Standard model, and the possible
existence of string-like solutions in its coupling to supergravity, remain open problems. We
hope to report on these issues in a forthcoming work.
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